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ABSTRACT. We extend several classical eigenvalue estimates for Dirac operators 
on compact manifolds to noncompact, even incomplete manifolds. This includes 
Friedrich's estimate for manifolds with positive scalar curvature as well as the au- 
thor's estimate on surfaces. 



1. Introduction 

This paper is concerned with spectral bounds for Dirac operators on noncompact Rie- 
mannian manifolds. We work with generalized Dirac operators in the sense of Gromov 
and Lawson as explained in Section|2] Examples are the classical Dirac operator acting 
on spinors, the operator D = d + 8 acting on forms, and the operator D = \ 2{d +d*) 
on a Kahler manifold. 

In Section [3] we show that Friedrich's lower bound for the eigenvalues of the classical 
Dirac operator on a compact spin manifold of positive scalar curvature extends to a 
lower bound for the fundamental tone of the square of any Dirac operator even if the 
manifold M is incomplete. If M is complete this implies a spectral gap for the Dirac 
operator itself. We also discuss the equality case. If the spectral bound is an eigen- 
value of the Dirac operator, then the corresponding eigensection satisfies the Killing 
spinor equation, an overdetermined elliptic equation of first order. In the case of the 
classical Dirac operator this implies that M is compact and Einstein. As another spe- 
cial case we give a simple proof of Lichnerowicz' classical lower bound for the first 
positive eigenvalue of the Laplace operator on a compact manifold with positive Ricci 
curvature. 

In Section |4] we study the essential spectrum. We show that if the curvature endo- 
morphism of the Dirac operator is bounded from below at infinity, then a Friedrich- 
Lichnerowicz type estimate holds for the essential spectrum. In particular, this yields 
a sufficient criterion for a Dirac operator on a complete manifold to be a Fredholm 
operator. If the curvature endomorphism tends to infinity at infinity, then the spectrum 
of the square of the Dirac operator is discrete just as in the case of a compact manifold. 

In the last section we study the classical Dirac operator on surfaces. We show that if M 
is a connected surface of genus with finite area and if the spin structure is bounding 
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at infinity, then 



D 2 ) > 



4k 



area(M) ' 

Here M need not be complete and may have infinitely many ends. If one drops the 
assumption on the spin structure, then the estimate fails. The estimate is proved by 
reducing it to the case M = S 2 which was established by the author almost two decades 
ago. 



2. Generalized Dirac operators 



Let M denote a connected Riemannian manifold. There will be no completeness or 
compactness assumption on M unless we explicitly say so. We will work with gen- 
eralized Dirac operators in the sense of Gromov and Lawson [6]. Let E — > M be a 
Riemannian or Hermitian vector bundle over M equipped with a metric connection 
V E . 

For q>, \j/ 6 C"(M,E), the space of smooth, compactly supported sections of E, the 
L 2 -product and norms are defined, 

(<P,V)= I (<P,V) dv > \\<p\\ 2 = (<p,<p)- 

Jm 

Here dV denotes the volume element induced by the Riemannian metric of M. The 
Hilbert space obtained by completing Cj°(M,E) with respect to this scalar product is 
denoted by L 2 (M,E). Pointwise scalar products will be denoted by (•, •) and pointwise 
norms by | • | . 

We assume that tangent vectors act by Clifford multiplication on E, i. e. there is a 
vector bundle homomorphism 

TM&E — > E, X®(p^X-q>, 

satisfying 

• the Clifford relations 

XY -(p + Y -X-(p + 2(X,Y)(p = 

for all X,Y G T p M, (p£E p ,p£M. 

• skew symmetry 

(X-(p,y) = -{(p,X-y) 

for all X £ T p M, (p,y £ E p , p £ M. 

• the product rule 

V E x (Y-(p) = (V x Y)-(p + Y-V E x (p 

for all differentiable vector fields X and Y and for all differentiable sections cp 
in E. 

Here V is the Levi-Civita connection of M. The Dirac operator is now defined by 

i=l 
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where e\,...,e„ denotes any orthonormal tangent basis, n = dim(M). This definition 
is independent of the choice of basis. 

Example 2.1. Let M carry a spin structure. Then one can define the spinor bundle E = 
IM which has all the required structure. The corresponding generalized Dirac operator 
is the classical Dirac operator, sometimes also called the Atiyah-Singer operator. See 
e. g. ifTTTl for the definitions. 

Example 2.2. Let M be an ^-dimensional Riemannian manifold and E = 
0p=o A P T*M. Using the wedge product and its adjoint one can define a Clifford multi- 
plication such that the corresponding generalized Dirac operator is given by D = d+ 8. 
Here d is the exterior differential and 8 is its adjoint. See e. g. |[T6l Ch. 3] for details. 

Example 2.3. Let M be a Kahler manifold of complex dimension m. Then E = 
can be equipped with a Clifford multiplication such that the corre- 
sponding generealized Dirac operator is given by D = \[2{d + d*), compare lfl6l 
Ch. 3]. 

Any generalized Dirac operator is a formally self-adjoint elliptic differential operator 
of first order. By [6, Thm. 1.17] the Dirac operator is essentially self-adjoint on the 
domain C^(M,E), smooth sections of E with compact support, in the Hilbert space 
L 2 (M,E) provided that M is complete. In this case, when we speak about the spectrum 
of the Dirac operator we will always mean the spectrum of its self-adjoint closure. 
The spectrum o(D) decomposes into two disjoint parts, the point spectrum CJ p (D) 
consisting of all eigenvalues (with square-integrable eigensections), and the continu- 
ous spectrum (J C (D). By elliptic regularity theory eigensections are smooth. If M is 
compact, then a c (D) is empty and CJ p (D) is discrete and all eigenvalues have finite 



multiplicity, compare Corollary 4.4 

Since the operator D 2 is symmetric and nonnegative on the domain C™(M,E) it has 
a canonical self-adjoint extension even if M is not complete. This is the Friedrichs 
extension, the unique self-adjoint extension whose domain is contained in H^{M,E), 
the closure of C™(M,E) with respect to the norm induced by the scalar product 

(P>V)ff£ = ((p,Y) + {D(p,Dy). 

If M is complete, then this is the only self-adjoint extension of D 2 and it coincides with 
the square of the self-adjoint extension of D. If M is the interior of a compact manifold 
M with boundary such that the metric extends, then taking the Friedrichs extension 
corresponds to imposing Dirichlet boundary conditions. When we speak about the 
spectrum of D 2 we always mean the spectrum of the Friedrichs extension. Again, the 
spectrum decomposes disjointly into the point spectrum and the continuous spectrum, 

a{D 2 ) = o p {D 2 )Uo c {D 2 ). 

Since D 2 is nonnegative its spectrum is contained in [0,°°). We call A*(D 2 ) := 
mina(D 2 ) the Dirac fundamental tone. One has 

UD 2 ) = inf ^4 = inf ^1 = inf . 
See [ 17 , Sec. 4.2] for the functional analytic background. 
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For a differentiable section cp and a differentiable function / : M — ► C we have 

(1) D(f<p)=gcadf-<p+fD<p 

by the very definition of D. The curvature endomorphism of D is defined by 

^■= \ I ere r FF{ei,ej) 

where /? £ is the curvature tensor of V E . The endomorphism field is symmetric and 
we have the Bochner-Lichnerowicz formula [6, Prop. 2.5] 

(2) D 2 = (V E )*V E + Jf ". 

If D is the classical Dirac operator acting on spinors, then = ^scal. If D = d + 8, 
then the restriction of ,J€ to 1 -forms is Ricci curvature. 

3. A Friedrich inequality 

Now we show that D has a spectral gap provided Jif is uniformly positive, a result 
which is due to Friedrich in the compact case [5 , Thm. A]. Since we cannot work with 
eigensections here, the proof needs modification. 

Theorem 3.1. Let M be a (possibly incomplete) n-dimensional Riemannian mani- 
fold. Let D be a generalized Dirac operator on M whose curvature endomorphism is 
bounded from below by a positive constant K £ M, i. e. Jff > ff > in the sense of 
symmetric endomorphisms. Then 

A*(D 2 ) > -. 

n — 1 

Proof Let <p £ C C °°(M,£). By @ we have 

O) ||D<p|| 2 = (D 2 <p,<p) = (((v £ )*v £ +jr)<p,<p) > ||v £ <p|| 2 + K||(p|| 2 . 

By the Cauchy-Schwarz inequality we have 

\D<P\ = |f>Vj9l < t\ y eM 

1=1 (=1 



n 



< \IL l2 -\ILK9\ 2 = Mv E <p\ 

hence 



i=i V i=l 



|V £ <p| 2 > l \D(p\ 2 . 
n 



Plugging this into (|3]) we get 



||D 9 || 2 > -||D«p|| 2 + J c||<p|| 2 
n 



This trick was shown to me by O. Hijazi who in turn attributes it to S. Gallot, cf. 1101 Thm. 5.3]. 
Alternatively, one could have argued using the twistor operator. 
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thus 



(D(p,D(p) nK 



(<P,<P) 

and the theorem follows. □ 

Corollary 3.2. Let M be a complete n-dimensional Riemannian manifold. Let D be 
a generalized Dirac operator on M whose curvature endomorphism is bounded from 
below by a positive constant K G R, i. e. <%f > K > in the sense of symmetric endo- 
morphisms. Then 



a{D)cR\ 



nK / nK 



r V n-\ 



flK 



This result cannot be improved in the sense that there are examples for which , j 

lies in the spectrum of D. The question arises what we can say about such examples. 
In order to proceed we need the following technical lemma whose proof is given in the 
appendix. 

Lemma 3.3. Let M be a complete n-dimensional Riemannian manifold. Let D be a 
generalized Dirac operator on M whose curvature endomorphism is bounded from 
below by a constant K G K (not necessarily positive), i. e. J(f > K in the sense of 
symmetric endomorphisms. Let (p G C l (M,E). 

If (p and D(p are square-integrable, then so is V E (p and 

l|D<p|| 2 = ||v £ (p|| 2 + (jr<p,(p) 

holds. 

Note that we do not claim that J^cp G L 2 (E) unless is also bounded from above. 
Nevertheless, the integral (J^<p, (p) exists. 

Theorem 3.4. Let M be a complete n-dimensional Riemannian manifold. Let D be 
a generalized Dirac operator on M whose curvature endomorphism is bounded from 
below by a positive constant K £ ]R, i. e. > K > in the sense of symmetric endo- 
morphisms. Suppose a G <Jp(D) where a = 

Then every square-integrable eigensection of D to the eigenvalue Ot satisfies the 
overdetermined equation 

(4) V f<p = -"x-<p 

for all X G TM. 

Proof. Let cp be an L 2 -eigensection of D to the eigenvalue a . By elliptic regularity 



theory cp is smooth. Moreover, (p and Dcp are L 2 , so Lemma [331 applies. Hence all 



estimates in the proof of Theorem |3.1| hold for (p even though (p does not in general 

nK 
n-l 



have compact support. Since <p is an eigensection of D 2 to the eigenvalue a 2 = all 
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inequalities in the proof of Theorem 3.1 must actually be equalities. From equality in 
the Cauchy-Schwarz inequality 



Eivfri < */Ei 2 -i/Eiw 

i=i V ' =1 V i=1 

we deduce 



Equality in the triangle inequality 



Vf,<p| =•••= |Vf ©|. 



now implies 
Hence 

and therefore 



i=l i=l i=l 



ej-Vfffl =•••= e„-Vfffl. 



1 n « « 



a 



Vfj? = - r ei-<p. 



Since the choice of orthonormal basis ei, . . . ,e n is arbitrary we have 

for all tangent vectors X of unit length and by linearity for all X G TM. □ 



Corollary 3.5. Under the assumptions of Theorem \3.4\ the manifold M has finite vol- 
ume. 

Proof. From Q we conclude that the eigensection cp has constant length: 

dx\<P\ 2 = <Vf<p,<p> + (<p,Vf<p) 
oc 

= ((X-q>,<p) + (<p,X-<p)) 

n 

= 0. 

Since cp is square integrable the volume of M must be finite. □ 

Corollary 3.6. Let M be a complete connected n-dimensional Riemannian spin man- 
ifold with scalar curvature seal > S for some positive constant S. Let D be the clas- 
sical Dirac operator acting on spinors. Suppose a G O p (D) where a = \<J or 

™ _ i / nS 

M— 2\J n-V 

Then M is compact and Einstein with ric = f,g- 



Proof. Theorem 3.4 applies with Jfc = and K = f . Hence M carries a nontriv- 
ial Killing spinor with real nonzero Killing number. The corollary follows from (5] 
Thm. B] and El p. 31, Thm. 9] . □ 



This corollary was shown by GroBe with different methods in [8, Thm. 4.0.7 (a)]. 
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Remark 3.7. If M is a compact Riemannian spin manifold of dimension n > 3, then 
there is an interesting refinement of Friedrich's inequality due to Hijazi. Namely, one 
has 

(5) UD 2 ) > jf^ML) 

4{n — I) 

where D is the classical Dirac operator acting on spinors and L = 4 A + seal is 
the Yamabe operator (or conformal Laplacian) acting on functions, see Thm. A]. 
It was noted by GroBe that this no longer holds on noncompact complete manifolds 
|[8j Rem. 4.2.1]. Hyperbolic space provides a simple counter-example. However, Q 
may hold on complete manifolds of finite volume. Partial results can be found in 
Thms 1.1 and 1.2], see also [8, Thms 4.0.5 and 4.2.2]. 



Remark 3.8. Theorem 3.1 can be refined as follows. Let D be a generalized Dirac 
operator acting on sections of a Riemannian or Hermitian vector bundle E over a (pos- 
sibly incomplete) Riemannian manifold M. Suppose there is an orthogonal splitting 
E = Eo © E\ with respect to which we write 

2 _ / Aoo Aio \ , I Jtoo J^io 



= A A and Jtr ~\ X / 

^01 All/ V^Ol =^11 



Then the proof of Theorem |3_l] with (p G C"(M,E ) shows that if J^) > K > 0, then 

nK 

A*(Aoo) > - 

n — 1 

where n = dim(M) . 



Example 3.9. Let E = ® n p=0 hPT*M as in Example 2.2 E = A l T*M = T*M, E\ = 
p ^! A P T*M, and D = d + 8. Then Aoo = d8 + 8d is the Hodge-Laplacian acting on 
1-forms and Jfoo = Ric. Hence if Ric > K for a positive constant K, then 

n K 

X*{d8 + 8d on 1-forms) > 



- 1 

In the case that M is compact this is a classical theorem by Lichnerowicz lTT2l p. 145]. 
For functions we conclude 

Corollary 3.10 (Lichnerowicz). Let M be a compact n-dimensional Riemannian man- 
ifold. Suppose ric > K where K is a positive constant. Let A be the Laplace-Beltrami 
operator acting on functions and Ai(A) its first nonzero eigenvalue. Then 

MA) > nK 



1 



Proof. Let (p G C°°(M) be an eigenfunction of A to the eigenvalue Ai(A). Since 
Ai(A) > the differential d(p G C°°(M,A 1 T*M) is not identically zero. Denote the 



Hodge-Laplacian on 1-forms by Ai. Thus be Example 3.9 



nK (Aid<p,d<p) {A 2 cp,(p) 

S A*(AiJ < — — — — = — = Ai(AJ. 

n— 1 (d(p,d(p) (A(p,(p) 



□ 
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Note that if M is complete and satisfies ric > K > 0, then M is compact by the Bonnet- 
Myers theorem. A Lichnerowicz type estimate for functions on incomplete manifolds 
is not to be expected. 

Example 3.11. The 2-sphere S 2 with its canonical metric g has constant Gauss cur- 
vature 1, hence ric = g. Indeed, Ai(A) = 2 = £^ on (S 2 ,g). Removing north and 
south pole we obtain an incomplete surface M\ diffeomorphic to (— f , 5) x R/27TZ 
with Riemannian metric g = dd 2 + cos 2 (6) d(p 2 where 6 G (— f , f ) and <p € M/27rZ. 
For k G N let = ( - § , § ) x M/2&7TZ be the &-fold covering of Mi with the pull-back 
metric. Again, is an incomplete surface with constant Gauss curvature 1. 




2:1 



M 2 



Mi 



Kg. i 



Now fa(6,(p) = cos(0)cos(<p /&) is a well-defined smooth function on M^. Since 
is bounded and has finite area fa is square integrable. It is not hard to check that 
fk G Hj +5 (Mk) and can hence be used as a test function for A. One easily computes 



(fkjk) 



L 2 (M k 



jz/2 i-2k% 



and hence 



tan(0' 



-7C/2J0 
d 2 



de 



cos 2 (8)cos 2 ((p/k)cos(6)d(pdd 
1 C) " ' fk = 2f k -(l-k- 



d6 2 cos 2 (G)d(p 2 

{^fkJk)L 2 (M k ) 3 



2 cosp/fr) 
J cos(0) 



(1-T 



(fk,fk) L 2 (M k ) 2> 

For k > 2 this Rayleigh quotient is smaller than 2 despite the fact that fa is L 2 - 
perpendicular to the constant functions, i.e., to the kernel of A. In this sense, the 
Lichnerowicz estimate is violated on Mk for k > 2. 



4. The essential spectrum 



The subset of <7 P (D 2 ) consisting of eigenvalues of finite multiplicity which are isolated 
in g(D 2 ) is called the discrete spectrum of D 2 and is denoted by Od(D 2 ). Its comple- 
ment in cj(D 2 ) is called the essential spectrum and is denoted by a e (D 2 ). The essen- 
tial spectrum is unaffected by changes on the manifold and the operator in a compact 
region. More precisely, if M and M are Riemannian manifolds equipped with gener- 
alized Dirac operators D and D and if there are compact subsets K C M and K C M 
such that M\K = M\K and D = D outside K and K resp., then o e (D 2 ) = a e (D 2 ). In 
the literature this is known as the decomposition principle, see e. g. [3, Prop. 1] for a 
proof. 
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We say that the curvature endomorphism tends to oo at °°, in symbols 
lim^oo .J€(x) = oo, if for each icgR there exists a compact subset K C M such that 
Jf(x) > K for all x G M\K. Given /fGlwe write liminf v ^„o > K if for each 

£ > there exists a compact subset K CM such that > K - e for all x G M \ 

Theorem 4.1. LetM be a (possibly incomplete) n-dimensional Riemannian manifold. 
Let D be a generalized Dirac operator on M whose curvature endomorphism satisfies 
liminft^oo J?T(x) > K for some positive constant K. Then 



O e (D 2 ) C 



nK 



Proof. Let e > 0. We choose a compact subset K C M such that > K — E for 

all x G M \ We put M := M \ K and we let D be the restriction of D to M. By the 
decomposition principle and by Theorem |3.1| we get 

'n(K-e) 
n-l ' 

Taking the limit e \ concludes the proof. □ 



a e (D 2 ) = a e (D 2 ) c 



Corollary 4.2. Let M be a complete n-dimensional Riemannian manifold. Let D 
be a generalized Dirac operator on M whose curvature endomorphism satisfies 
liminf^oo J?T(x) > K for some positive constant K. Then 



. . nK / nK 

a e (D) cR\ 



n — 1 V n-l 
In particular, D is Fredholm. 

An entirely different proof based on elliptic estimates of the finite dimensionality of 
the kernel of D can be found in [6, Thm. 3.2]. This Fredholm property is crucial for 
index theory of Dirac operators. 

Corollary 4.3. Let M be a (possibly incomplete) Riemannian manifold. Let D 
be a generalized Dirac operator on M whose curvature endomorphism satisfies 
lim^oo Jff{x) = oo. 

Then the spectrum ofD 2 is discrete, 

a(D 2 ) = a d (D 2 ). 



Proof. Since liminf Y ^oo JV(x) > K for any K, Theorem 4.1 shows that G e (D 2 ) = 0. □ 



Corollary 4.4. Let M be a complete Riemannian manifold. Let D be a generalized 
Dirac operator on M whose curvature endomorphism satisfies lim Y ^oo J(f{x) = oo. 

Then the spectrum ofD is discrete, 

o(D) = a d (D). 



This corollary applies in particular when M is compact. In this case it is well-known 
of course. In (3l Thm. 1] it is shown that the essential spectrum of the classical Dirac 
operator on a complete hyperbolic spin manifold of finite volume is either empty or the 
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whole real line. It is a topological property of the spin structure which determines the 
essential spectrum. This discreteness criterion for the Dirac spectrum on hyperbolic 
manifolds was generalized by S. Moroianu to manifolds with certain cusp-like ends, 
see lfl5l Thm. 2]. There is also an interesting Weyl asymptotics for the growth of the 
eigenvalues in this case |15, Thm. 3]. 



5. Surfaces 

In this section we consider connected 2-dimensional manifolds M. We say that M has 
genus if M is diffeomorphic to an open subset of S 2 . A spin structure on M is said 
to be bounding at infinity if M can be embedded into S 2 in such a way that the spin 
structure extends to the unique spin structure of S 2 . 

A circle S 1 has two inequivalent spin structures. Only one of them extends to the unit 
disc in M 2 which is bounded by S . We call this the bounding spin structure of S . 
Sometimes this is called the nontrivial spin structure of S . 

If K C M is a compact subset with smooth boundary, then the boundary of K is a dis- 
joint union of circles. If there is a compact set K C M such that M \ K is diffeomorphic 
to the disjoint union of finitely many copies of E x S 1 , then we say that M has finitely 
many ends. In this case a spin structure on M is bounding at infinity if and only if the 




A surface of genus with 3 ends 
Fig. 2 



If M is of genus and has one end, i. e. M is diffeomorphic to M 2 , then its unique 
spin structure is bounding at infinity. If M is of genus and has two ends, i. e. M is 
diffeomorphic to S 1 x K, then M has two spin structures, one of which is bounding at 
infinity while the other is not. 

Theorem 5.1. Let M be a connected 2-dimensional Riemannian manifold of genus 
and with finite area. Let M be equipped with a spin structure which is bounding at 
infinity. Let D be the classical Dirac operator acting on spinors on M. Then 



Kip ) > — — 

area(M) 



SPECTRAL BOUNDS FOR DIRAC OPERATORS ON OPEN MANIFOLDS 



11 



Note that M need not be complete and may have infinitely many ends. In case M 
is diffeomorphic to S 2 this inequality was conjectured in [13] and first shown by the 
author in [ 1, Satz 1.10 on p. 93], see also [2, Thm. 2]. 

Proof. Let M be as in the statement of the theorem and let q> G C f °° (M, EM) . We embed 
M into S 2 such that the spin structure extends. We choose a Riemannian metric g on 
S 2 such that the embedding is isometric on the compact set K := supp(<p) and such 
that area(5 2 ,g) < area(M). Since (p vanishes outside K we can regard cp as a smooth 
spinor on S 2 . Therefore by the inequality in the compact case 

(D ^ ) > UD 2 ,S 2 , g ) > 4 * > 
(<p,<p) " * V ' ,g > ~ area(S 2 ,g) ~ area(M) 

and the theorem follows. □ 



Since the spin structure on a surface of genus with exactly one end is automatically 
bounding at infinity we get 

Corollary 5.2. Let M be a connected 2-dimensional Riemannian manifold of genus 0, 
with exactly one end, and with finite area. Let D be the classical Dirac operator acting 
on spinors on M. Then 

K{d 2 ) > -^-r v 

area(M) 

This has first been shown by N. GroBe using different methods in (H Thm. 3.1.7]. 



Remark 5.3. The assumption on the spin structure in Theorem 5.1 cannot be dis- 
pensed with. For example, let M = S 1 x (0,L) with the product metric dd 2 +dt 2 such 
that S 1 has length 271. The two spin structures on S l induce two spin structures on M. 
We pick the spin structure coming from the non-bounding spin structure on S . With 
respect to this spin structure M carries a non-trivial parallel spinor y. Put 

(6) 9(6, t) :=sm(nt/L)y{d,t). 

Then cp is smooth and satisfies Dirichlet boundary conditions on M = S l x [0, L] . Hence 
(p is in the domain of the Friedrichs extension of D 2 . From 

K 2 



we see that 



ifL>f. 



D 2 (p = j2 ( P 



^d 2 )<^4=^< 471 



(<p,(p) L 2 area(M) 



This example is an open cylinder and hence incomplete. It is easy to modify this 
example such that it becomes complete. To do this we attach cusps of finite area A to 
both boundary components of S [ x [0, L] . Then area(M) = 2nL + 2A. 
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cusp S x L cusp 




M 
Fig. 3 



Choose (p as in ([6]) on S l x [0,L] and extend it by zero to all of M. Then (p does 
not lie in the domain of the Friedrichs extension of D 2 but it does lie in the domain 
Hp(M ,EM) of the unique self-adjoint extension of D and 

X (D 2 ) < ( D(p ' D(p ^ = — < 4% = 4% 
* { (<p,q>) L 2 2nL + 2A area(M) 

if L>0. 

Remark 5.4. In the terminology of |3J a spin structure bounding at infinity is a spin 
structure which is nontrivial along all cusps. Theorem 1 in [3] says that the spectrum of 
the classical Dirac operator on a complete hyperbolic spin manifold with finite volume 
is discrete if and only if the spin structure is nontrivial along all cusps. 

In Ifl4 1 one finds criteria for the discrete spectrum of the classical Dirac operator to be 
empty. 



6. APPENDIX 



It remains to provide a proof of the technial Lemma 3.3 



Proof of Lemma 3.3 Since (p and D(p are L 2 we have that <p lies in the domain of 
the maximal extension of D. Since M is complete D is essentially self-adjoint, hence 
the maximal and the minimal extensions coincide, so there exist <p£ G C"(M,E) such 
that <p k -> <p and D(p k -> D<p in L 2 (M,E) for k -><*>. By ^ \\V E (pk\\ 2 < \\D(pk\\ 2 - 
K \\(Pk\\ 2 — ► 11^9 1| 2 — '^ll'PlI 2 - In particular, there is a constant C > such that ||V B <Pfc|| < 
C for all k. For each y £ C~(M, TM ® E) we see that 

(y,V E (p) = ((V £ )>,<p) = lim((V £ )>,<p,) = hm( ¥ ,V E <p k ), 

k—>°° k — 

hence 

|(^V £ <p)|<C||vA||. 

Therefore the linear functional C™(M,TM ®E) -^C,i//^ (i//-,V £ <p), extends to a 
bounded functional L 2 (M,TM ®E) — > C. By the Riesz representation theorem there 
exists ^ E L 2 (M,TM®E) such that O, V £ <p) = for all y G C™(M,TM®E). 

Thus V £ <p = # is square-integrable. 
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For p > choose a smooth cut-off function f p : M — > R with compact support satisfy- 
ing 

• < / p < 1 on M, 

• f p = 1 on the ball of radius p about some fixed point, 

• |grad/p| < 1/p onM. 

Then we have 

\\V E (f p (p)-V E (p\\ = \\dfp®(p + fpV E (p-V E (p\\ 

< \\df p \\ L -\\(p\\ + \\f p V E <p-V E q>\\ 

< II<pII/p+II(/p-i)v £ <p|| ^ o. 

Using |TJ) we see similarly that D(f p (p) — ► Dip in L 2 (M,E) as p — > oo. Moreover, split- 
ting (Jf(fp(p),fp(p) = JMfpi^Vi <p)dV into integrals over the subsets of M on which 
(J^cp, (p) is positive and negative respectively and applying the theorem of monotone 
convergence we see that (J(f(f p (p),f p (p) — > (J^cp, (p). Taking the limit p — > oo in 

IWp<p)ll 2 = l|v £ (/p<p)|| 2 + (jr(/p(p),/p(p) 

yields 

l|D<p|| 2 = ||v £ <p|| 2 + (jr<p,<p). 

□ 
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